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Dirac and Weyl semimetals, materials where electrons behave as relativistic fermions, react to
position- and time-dependent perturbations, such as strain, as if emergent electromagnetic fields
were applied. Since they differ from external electromagnetic fields in their symmetries and phe-
nomenology they are called pseudo-electromagnetic fields, and enable a simple and unified descrip-
tion of a variety of inhomogeneous systems involving topological semimetals. We review the different
physical ways to create effective pseudo-fields, their observable consequences as well as their simi-
larities and differences compared to electromagnetic fields. Among these difference is their effect on
quantum anomalies, the absence of a classical symmetry in the quantum theory, which we revisit
from a quantum field theory and a semiclassical viewpoint. We conclude with predicted observable
signatures of the pseudo-fields and the nascent experimental status.
I. INTRODUCTION
In one of his 1964 Messenger Lectures at Cor-
nell University, Richard P. Feynman said that
"every theoretical physicist who is any good
knows six or seven different theoretical repre-
sentations for exactly the same physics" [1].
This arguable statement gains support when
different fields allow for complementary inter-
pretations of reality, a blend that often leads
to conceptual breakthroughs. High energy and
condensed matter physics have been often in-
terlaced in this way. Today, the three types
of relativistic indivisible spin-1/2 fermions—
Dirac, Weyl and Majorana fermions—are also
quasiparticles in quantum matter [2–9] notably
in systems where global (topological) rather
than microscopic properties classify quantum
states [10, 11].
In condensed matter we are frequently re-
quired to describe systems where some under-
lying degrees of freedom are allowed to vary in
space and time. Such is the case of a strained
crystal, an inhomogeneous magnetization pro-
file, a propagating sound wave, or an interface
between two solids (see Fig. 1). When Hamilto-
nian parameters vary in space-time, the crystal
symmetry is reduced allowing absent pertur-
bations to emerge, such as Rashba spin-orbit
coupling in ordinary semiconductors [12]. The
main idea in this review is that, so long as
the quasiparticles experiencing space-time vari-
ations are Weyl fermions, their behaviour fol-
lows simple laws expressed in terms of emer-
gent electromagnetic fields [13–16]. In return,
we can use this simple description to predict
new phenomena in diverse contexts.
∗ All authors contributed equally to the preparation of
this review
Figure 1. Physical realizations of emergent
pseudo-fields in Weyl semimetals. The cen-
tral panel shows two Weyl cones, of different chi-
ralities (colors) that are separated in energy and
momentum space by a scalar b0 and a vector b al-
lowed to vary in space-time. Derivatives of the com-
bined (four-)vector bµ(x, t) define emergent pseudo-
electromagnetic fields which offer a simple uni-
fied viewpoint of different phenomena: a strained
crystal, an inhomogeneous magnetization profile, a
propagating sound wave, and an interface between
two Weyl semimetals.
Weyl quasiparticles occur in Weyl semimet-
als where linearly dispersing non-degenerate
bands touch at a single point in momentum
space, a two-fold degeneracy that cannot be
lifted [9, 17]. The dispersion resembles that of a
photon, but Weyl quasiparticles have spin-1/2
and thus are described by an effective relativis-
tic massless Dirac equation: the Weyl equation.
Due to their effective relativistic symmetry and
the absence of a gap, their Hamiltonian projects
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2their momentum in a direction parallel or an-
tiparallel to their spin. The two cases are distin-
guished by a number, χ = ±1, the chirality. On
a lattice, under very general assumptions like
locality or unitarity, the number of quasipar-
ticles of each chirality in equilibrium must be
equal [18, 19]. Using Noether’s theorem we may
express this symmetry by a classical conserva-
tion law for the current that counts the differ-
ence between chiral or left moving (χ = 1) and
anti-chiral or right moving (χ = −1) fermions,
the chiral current.
When quantaising the theory in the presence
of electric and magnetic fields something un-
expected happens: the quantum expectation
value of the chiral current is not conserved, un-
like its classical counterpart. A current that are
conserved classically but not quantum mechan-
ically are labeled anomalous [20].
The non-conservation of the chiral current,
the chiral anomaly, has dramatic consequences
in different fields of physics. Weyl fermions me-
diate, as virtual particles, the decay process of
the pion into two photons, which is off by an
order of magnitude compared to experiments if
the anomalous contribution is ignored! Weyl
particles, however, have not been found as el-
emental particles in nature, preventing us to
probe the chiral anomaly directly. In contrast,
Weyl quasiparticles do exist in Weyl semimetals
and exhibit the chiral anomaly as an enhanced
magneto-transport [21], confirmed experimen-
tally [17, 22].
In analogy with other pseudo-relativistic
fermions, such as emergent Dirac fermions
in 2D materials [23–26], it became clear that
coupling Weyl quasiparticles to electromag-
netic fields, which are blind to chirality, was
not the only possibility. When the underlying
parameters vary in space-time, electromag-
netic fields that couple with opposite signs to
opposite chiralities emerge in the low energy
theory of Weyl quasiparticles. Known as
axial- or pseudo-fields, we may use them to
reach a simple formulation of the different
physical scenarios shown in Fig. 1. The goal
of this review is to present and explain how
pseudo-fields emerge in Weyl semimetals and
the recent progress made in using them to
describe Weyl systems.
To understand the origin of axial-fields in
Weyl semimetals consider two linear three-
dimensional band crossing of chirality χ = ±1
close to ±b and ±b0 in momentum and energy
space respectively (see Fig. 1). Their low en-
ergy Hamiltonian reads
Hχ(p) = vFχ(p+ χb) · σ + χb0. (1)
For b = b0 = 0 this is the Weyl Hamiltonian
of a pseudo-relativistic particle with momen-
tum p, where σ are the spin-1/2 Pauli matri-
ces. The vector b enters the Hamiltonian in the
same way a vector potential A would through a
minimal substitution (p→ p−eA), albeit sen-
sitive to chirality. By analogy with A, if b has
a smooth space dependence with non-vanishing
curl, one may define
B5 =
1
e
∇× b, (2)
and interpret B5 as an intrinsically emerg-
ing pseudo-magnetic field. The emergence of
pseudo-magnetic fields and their corresponding
Landau levels is more general than the low en-
ergy description of Weyl semimetals [27], yet
it is in these systems where they take the very
familiar form Eq. (2).
The constant b0, setting the shift of the Weyl
nodes from zero energy, plays the role of the
scalar potential, motivating the definition of the
four vector (see Fig. 1)
bµ = (b0,b), (3)
where µ = 0, x, y, z and the pseudo-electric field
E5 = ∂tb−∇b0. (4)
It is important to stress that the axial vec-
tor and scalar potentials in bµ and the elec-
tromagnetic vector potentials are different [28].
While the latter are gauge dependent quanti-
ties and hence not observable, the former are
band structure parameters, ultimately quan-
tum expectation values, and thus observable
and gauge-invariant. The variation of bµ in
space is constrained to the region occupied by
the crystal, implying that over the whole sam-
ple the average of the pseudo magnetic field is
zero.
Chiral vector couplings emerge in elementary
particle physics. In the theory of electroweak
interactions [20, 29], concerned with the inter-
actions of neutrinos, for example, left and right
chiralities couple differently to the gauge fields,
and thus it is considered a chiral theory. How-
ever, the coupling is not to vector fields as above
(U(1) fields), but rather to upgraded to non-
commuting matrices (non-Abelian fields). The
simple vectors B5 and E5 have now found a first
realization in condensed matter, and hence are
the focus of this review.
II. PHYSICAL ORIGIN OF
PSEUDO-FIELDS
The discrete symmetries of Eq. (1) help us re-
veal the physical requirements for the pseudo-
fields to arise as a consequence of the modifi-
cation of the Weyl node position. On the one
3T I physical meaning
b 7 3 magnetization
b0 3 7 axial chemical potential
B5 7 3 pseudo-magnetic field
E5 3 3 pseudo-electric field
Table I. Inversion (I) and time-reversal (T ) sym-
metry properties and a possible physical meaning
of the parameters resulting in momentum (b) and
energy (b0) separation of a Weyl semimetal. The
symmetries of the corresponding pseudo-magnetic
and electric fields are listed below.
hand, the coupling b · σ is the familiar Zee-
man coupling. Hence b can be often taken
to be a magnetization breaking time reversal
symmetry. On the other hand, as far as dis-
crete symmetries are concerned, b0 enters as a
chemical potential, and thus breaks space in-
version symmetry. Then, using Eqs. (2) and (4)
we can reveal how the pseudo-fields transform
under timer-reversal and inversion symmetries,
summarized in Table I. Similar to the magnetic
field, B5 breaks time reversal symmetry while
preserving inversion. The pseudo-electric field
E5 preserves both symmetries, unlike the real
electric field E, which breaks inversion.
Two copies of the Weyl Hamiltonian Eq. (1)
with opposite signs of b can restore time-
reversal symmetry, at the expense of inver-
sion. An important situation where a dou-
bling occurs is in Dirac semimetals where the
two chiralities occur the same point in energy-
momentum space, a degeneracy protected by
an additional symmetry, for example, spin-
rotation. Such symmetry can be present in
a homogeneous material, but be broken in a
strained system due to emergent inversion sym-
metry breaking and spin-orbit interaction [30,
31]. This symmetry breaking opens a gap near
Dirac point. Although this masks the low-
energy effects of the pseudofields, further away
from the Dirac point the physics we described
below can still apply.
Strictly speaking one can define a single
unique vector bµ only for the simplest Weyl
semimetal with two Weyl nodes, as then it is
the difference between the positions of the two
nodes. For the generic multi-Weyl case with n
Weyl nodes, currently there is no unique way to
define pseudo-fields. The presence of symme-
tries such as time reversal or crystalline sym-
metries will impose constraints linking pseudo-
fields between pair of nodes. For example, in
the case of a Dirac semimetal with two Dirac
nodes composed of pairs of Weyl nodes con-
nected by time reversal, the separation between
Dirac nodes defines a single pseudo-field.
Irrespective of time-reversal and bearing in
mind the multi-node subtleties above, strain
couples directly to the Weyl node position, gen-
erating pseudo-fields. This coupling happens
since strain modifies or introduces new overlap
integral between atoms in a material, generi-
cally modifying the band structure (see Box
1) [15, 16, 32]. At the tight-binding level,
smooth strain profiles are introduced into a
model via modifications of the hopping parame-
ters determined by the components of the sym-
metrized strain tensor uij = 12 (∂iuj+∂jui) with
u being the local displacement vector of the
strained lattice. A clever choice of uij results in
a displacement of the Weyl points in momen-
tum space which translates into axial vector
fields (see Box 1). Ref. [16] demonstrated that
this is the case at the field theory level show-
ing that strain parameters translate to gauge
fields in the effective active action of the Weyl
fermions.
Inhomogeneous strain can have different
physical origins. For example, in systems grown
on a substrate, a lattice mismatch at the in-
terface can create strain that gradually relaxes
away from the interface [33]. A different choice
is to engineer wires twisted about their main
axis, as proposed in Ref. [34], leading to a con-
stant bulk B5, as does bending a thin film to
create a constant curvature (see [35, 36] and
Fig. 2). Other band structure parameters, such
as the Fermi velocity, will also be modified as
a result of such deformations (see [37–39] and
Box 1). Alternatively, a strain field is also in-
duced by lattice defects. A screw-dislocation
is a typical example where the strain gradient
gradually relaxes away from it, which in turn
can be reformulated as a pseudo-magnetic field
parallel to the screw axis [40–42].
A change in position of the Weyl nodes in
the Brillouin zone can also be driven by in-
homogeneous time reversal breaking pertur-
bations, through a space dependent Zeeman
coupling b · σ. Static scenarios include mag-
netic domains [43, 44], magnetic vortices or
skyrmions [14], or exchange interactions [45,
46].
A time dependent nodal separation, leading
to the creation of a pseudo-electric field, can
follow from dynamical strain. One of the first
examples that linked time dependent strain to
the motion of the the Weyl points was presented
in Ref. [47], demonstrating that a rapid com-
pression of a Weyl semimetal can result in an
non-equilibrium chiral charge distribution due
to a sudden shift of the node position in energy.
Acoustic waves (phonons) are an alternative re-
alistic source of time dependent perturbations
that lead to pseudoelectric fields [34, 48, 49].
The most common and natural place to en-
counter pseudo-fields in Weyl semimetal is at
their boundary, the place where the Weyl node
4separation must change abruptly from being fi-
nite to zero via the pair-wise annihilation of the
Weyl nodes. This immediately implies, for sur-
faces onto which the Weyl node separation vec-
tor has a finite projection, a resulting strong
pseudo-magnetic field confined to the surface.
It is therefore not surprising that there is an in-
timate connection between the surface states of
topological semimetals, namely the Fermi-arcs,
and pseudo-fields [33]. In the following Sec. III,
we review the consequences, usages and gen-
eralizations of reinterpreting Fermi-arcs as the
lowest Landau level of the strong axial field con-
fined at the surface.
III. PSEUDO-MAGNETIC FIELDS AND
PSEUDO-LANDAU LEVELS
Both the external magnetic field (B) and a
pseudo-magnetic field (B5) break the energy
bands of the Weyl semimetal into Landau levels
(see Fig. 2). In the case of the external mag-
netic field, minimal substitution of an external
vector potential A in Eq. (1) corresponding to
a finite and constant magnetic field leads to
a Landau level typical of relativistic fermions.
The Landau energies depend on two quantum
numbers: the Landau level index n and the
momentum along the direction of the magnetic
field k. The energies for states with n 6= 0 are
En(k) = sign(n)h¯vF
√
2ne|B|+ k2. The pecu-
liarity of the nodal point is captured by the
lowest (or zeroth) Landau level, which is linear
in momentum and independent of the magni-
tude of the magnetic field. Its dispersion, E0 =
χsign(|B|)vF k for a chirality χ, shows that their
direction of propagation is set by both by the
direction of the magnetic field as well as the chi-
rality of the node. For nodes of opposite chiral-
ity, they are counter-propagating, namely they
have an opposite group velocity with respect to
one another. The band-structure is sketched in
Fig. 2.
There are two main effects associated with
the existence of the chiral lowest Landau levels.
One is the chiral anomaly, which we will con-
sider in detail in Sec. VI, and the second one is
the chiral magnetic effect. The chiral magnetic
effect is a current J that flows parallel to an
applied magnetic field; J = αB [50, 51]. For a
given Weyl node, the lowest Landau level of chi-
rality χ contributes the number of filled states
µχ, times the Landau level degeneracy propor-
tional to B, resulting in Jχ = χ(µχ/2pi2)B.
The n 6= 0 Landau levels do not contribute to
the chiral magnetic effect since there are equal
number of left and right movers at the Fermi
energy. Hence, a single Weyl node generates a
current parallel to a magnetic field, the chiral
magnetic effect, determined by its zeroth Lan-
dau level. In a lattice system such a current,
however, cannot exist in equilibrium since the
total chirality must sum up to zero, as shown by
Nielsen and Ninomiya [18, 19]. Counter propa-
gating Landau levels always come in pairs with
equal chemical potential, resulting in
∑
χ jχ =
0. The vanishing of this current in equilibrium
is expected on general grounds, since it would
lead to a charge build up that will eventually
screen the current [28, 52, 53].
Can a pseudo-magnetic field result in a chi-
ral magnetic effect? As follows from Eq. (1),
Weyl fermions of opposite chirality χ experi-
ence the same magnitude of the field, but with
an opposite sign. This has an immediate and
striking consequence for the Landau levels de-
scribed above: while the n 6= 0 remain un-
altered, the lowest landau level corresponding
to each chirality are now co-propagating (see
Fig. 2). Their group velocity is fixed by the di-
rection of the motion of the node in real space,
i.e by the sign of pseudo-field alone.
The appearance of co-propagating lowest
Landau levels has consequences for the chiral
magnetic effect. Per our discussion above, the
current per node is Jχ = χ(µχ/2pi2)(χB5) [33,
41, 54, 55], which does not vanish when sum-
ming over chiralities in equilibrium. This im-
plies a pseudo chiral magnetic effect in equilib-
rium which, unlike the chiral magnetic effect,
is allowed. It is allowed because j ∝ B5 is not
a transport current, but a magnetization cur-
rent. To see this, note that the vector b trans-
forms physically as magnetization and Eq. (2)
is its curl, in parallelism with the definition of
magnetization current [56]. Such currents com-
pensate each other between regions in the sys-
tem with opposite signs of B5 and integrate to
zero. Thus, as opposed to the chiral magnetic
effect, that must vanish in equilibrium as a re-
sult of compensation of modes in momentum
space, the pseudo chiral magnetic effect sums
up to zero when integrated over regions in real
space.
Pseudo-magnetic fields offer a perspective on
the physical origin of the surface states of Weyl
semimetals, the Fermi-arcs. The surface rep-
resents the place where Weyl nodes annihilate
in pairs, and bµ vanishes, rapidly changing the
nodal separation over a short distance. It is
this observation that was used in Ref. [33] to
propose, supported by lattice calculations, that
the Fermi arc is secretly the lowest Landau level
of a strong B5 confined to and lying in the sur-
face plane, an idea that was later developed fur-
ther to include surface states in tilted and over
tilted Weyl nodes [57]. It is a generalization of
the view that when a band parameter varies in
space smoothly, such as the mass, new levels are
allowed to occur, that we can now reinterpret
as effective Landau levels [27], as in topological
5insulators with smooth interfaces [57, 58].
Viewing Fermi arcs as the lowest, chiral Lan-
dau level associated to B5 eliminates the arti-
ficial dichotomy between bulk and surface. We
are allowed to regard a Weyl semimetal as a
path traced by a pair of nodes. They are cre-
ated from the vacuum at one surface and anni-
hilated at the opposite surface. The variation of
their relative distance defines locally a B5 and
the pseudo chiral magnetic effect determined by
the direction of the Landau level’s group veloc-
ity. Any bulk uniform pseudo-chiral magnetic
effect is compensated by an imbalance of Fermi
arc lengths [33].
The similarities and differences between
pseudo Landau levels and ordinary Landau lev-
els are explicit when depicting the Fermi surface
in the presence of both types of fields in a finite
sample [59, 60] (see Box 2). In the quantum
limit the Fermi surface of a Weyl semimetal in
a magnetic field B is a parallelogram in the two
dimensional momentum space perpendicular to
the magnetic field. Two sides of the parallelo-
gram represent the position momentum locked
manifold of states of the bulk zeroth Landau
level, while the additional two sides are the
Fermi arcs, or equivalently, the zeroth pseudo
Landau level resulting from the finite B5 at the
surface. More general profiles of B5 deform the
Fermi surface which can take, among others, a
peculiar bow-tie shape [61], which we discuss in
Box 2.
Finally, we point out that such combina-
tion of an external magnetic field with an in-
trinsically emerging B5 can yield interesting
twists over known effects. In the presence of
a bulk B5, the particles experience the total
field Bχ = B + χB5, giving rise to modified
bulk trajectories that can affect quantum os-
cillations [36, 62, 63]. We note as well that
being an intrinsically emergent band structure
property, B5 can couple to chargeless degrees
of freedom, unlike an external magnetic field.
This allows Landau levels in the spectrum of
Bougoliubov quasiparticles [64] and pressure or
photonic waves in Weyl metamaterials [65].
IV. PSEUDO-ELECTRIC FIELDS
Similar to the pseudo-magnetic field dis-
cussed above, a pseudo-electric field can be ex-
tracted from Eq. (4). The two terms in this
equation set two different ways to generate E5.
The first is by a spatial variation of the sepa-
ration of Weyl nodes in energy, the second is
through a time variation of the separation of
Weyl nodes in momentum (see Fig. 3).
As we mentioned above, the two ways of gen-
erating pseudo-electric fields are not equivalent.
Unlike the gauge potential and vector potential,
both b and b0 are physically observable and
they are not transformed into each other under
a gauge transformation. Physically, a system
subjected to a spatial variation of b0 remains in
equilibrium while a time variation of b drives
the system out of equilibrium. Quenching b0 in
time, suddenly from zero to a finite value, will
create a chiral chemical potential imbalance be-
tween the two nodes [47] for times shorter than
the equilibration time, the inter-node scattering
time. During this short time (of the order of a
picosecond) a chiral chemical potential imbal-
ance (µ+ 6= µ−) can exist. Following the discus-
sion in the previous section, a current parallel
to an applied external magnetic field emerges:
a chiral magnetic effect induced by the quench.
When pseudo-electric and pseudo-magnetic
fields coexist, Ref. [39] predicted a strain in-
duced pseudo-Landau level collapse. It general-
izes the Landau level collapse that occurs when
perpendicular electric and magnetic fields are
present, and satisfy |E| = vF |B|, such that a
boost to reference frame where E = 0 yields
B = 0. At this critical field, the energies of
consecutive Landau levels coincide. A simi-
lar effect was predicted for a pseudo magnetic-
field [39], where a collapse of its pseudo-Landau
levels occurs due to the presence of a pseudo-
electric field, at an analogous critical value
|E5| = vF |B5|. This prediction, valid in the
low energy limit, is consistent with an indepen-
dent boost in the two Weyl nodes and further
solidifies the analogy between the pseudo- and
real fields.
V. PSEUDO-FIELDS IN THE
SEMI-CLASSICAL APPROXIMATION
The semi-classical formalism provides a
source of classical intuition into the quantum
reality, and has become a popular approach
in the context of topological metals. The
brilliant realization by Berry that the Bloch
wave-functions can acquire a topological phase
winding over the Brillouin zone, upgrades the
semi-classical equations of motion to include
an anomalous velocity term [66–69]. The
anomalous velocity depends on the Berry cur-
vature, Ω, defined from derivatives of the wave-
function, and enters the semiclassical equations
of motion as a magnetic field in reciprocal space
[69].
From the previous two sections it follows that
a natural starting point to account for the ef-
fect of pseudo-fields is to consider two indepen-
dent Fermi surfaces close to Weyl nodes that
feel different effective electromagnetic fields de-
pending on their chirality χ = ±. Then, fol-
lowing Refs. [33, 34], one can write an equa-
tion for each node subject to the effective fields
6Figure 2. Real and pseudo-magnetic fields. The generation of a pseudo-magnetic field is achieved by
varying the Weyl cone separation in space. The conical dispersion that defines the Weyl nodes splits into
Landau (top panels) and pseudo-Landau levels (bottom panels) when the Weyl semimetal a magnetic field
B or a pseudo-magnetic field B5 are applied, respectively. The lowest Landau levels from the two cones
are co-propagating for the real field and counter-propagating for the pseudo-field. Applying an external
magnetic field creates charge pumping: combined with B it is the standard inter node that results in
chirality imbalance. Combined with B5 it does not result in chirality imbalance, but charge is pulled from
regions of opposite B5 via the anomalous Hall effect.
Figure 3. Pseudo-electric field and a physical consequence. (a) and (b) illustrate the two inequiv-
alent ways to generate a pseudo-electric field. (a): The relative position of the Weyl nodes in energy
changes as a function of time. (b): The relative position of the Weyl nodes in momentum space changes as
a function of position. (c) shows an example of the signature of the pseudo-electric field: a Weyl semimetal
in an external electric field in the presence of a longitudinal sound wave propagating through the sample.
The chiral magnetic effect leads to charge redistribution in the sample and emanating electromagnetic
radiation [34].
Bχ = B + χB5 and Eχ = eE + χE5
r˙χ =
∂χ
∂k
+ Ωχ × k˙χ, (5a)
k˙χ = Eχ + r˙χ ×Bχ. (5b)
where rχ and kχ represent the coordinate
and momentum around which a semiclassical
wavepacket is centered.
Although inserting Eχ and Bχ this way into
the equations of motion seems like a reasonable
guess, one might worry that these equations
do not immediately follow from semi-classical
theory, and that the pseudo-fields have been
added heuristically based on the physical intu-
ition developed in the previous sections. When
perturbations are inhomogenous, such as in the
7case of strain, more sophisticated and complete
semiclassical equations are needed [66]. The
usual momentum space Berry curvature is then
part of a more general tensor, Ωab, where a, b
indicate that the two derivatives of the wave-
function that define the Berry curvature are to
be taken with respect to momentum k, posi-
tion r and time t. From these general semi-
classical equations, and provided one assumes
the momentum of the wave-packet is close to a
Weyl node, a change of coordinate frame recov-
ers Eqs. (5) [70], reconciling them with stan-
dard semiclassical theory [66]. In this frame,
the wave-packet motion is measured from the
nodes’ position in momentum space, turning
spatio-temporal variations of the Weyl node
separation bµ into the pseudo-fields.
From the semiclassical Eqs. (5) we can pre-
dict simple physical effects for wave-packet mo-
tion in the presence of pseudo-fields [70]. As a
first example, the last term in Eq. (5b) implies
that B5 imprints cyclotron orbits with oppos-
ing senses for each chirality, indicative of the
fact that they feel an opposite effective mag-
netic field. Interestingly, this has implications
for a propagating wave-packet that crosses a re-
gion where the node separation changes, such
as the interface between two Weyl semimetals.
As it transverses the boundary, it will experi-
ence the interface pseudo-magnetic field B5 and
will be deflected in a direction that depends on
the sign of B5 at the boundary, or equivalently,
on the dispersion of the Fermi-arc at the inter-
face. [70].
As a second example, the combination of the
electric field term of Eq. (5b) and the anoma-
lous velocity term in Eq. (5a) implies that E5
can create a pseudo-Hall effect, proportional
to Ω × E5, since the product of the Berry
curvature and velocity due to E5 is chirality
independent, and thus does not vanish once
we sum over nodes [33, 34, 70]. These pre-
dictions can be checked numerically in lattice
models and are well suited for testing in cold-
atomic [70], acoustic or photonic realizations of
Weyl semimetals (see section VII).
VI. THE CHIRAL ANOMALY WITH
PSEUDO-FIELDS
One of the peculiar features of Weyl fermions
is the emergence of the chiral anomaly in the
presence of external electromagnetic fields [20].
Pseudo-electromagnetic fields enter the chiral
anomaly, yet their intrinsic origin, as opposed
to the external electromagnetic fields, severely
modifies its phenomenology.
The current understanding of the chiral
anomaly including intrinsic pseudo-fields is a
blend between semiclassical approximations,
quantum field theory and tight binding cal-
culations. Semi-classical approaches have the
benefit of being physically intuitive yet it is
not immediately obvious that they are powerful
enough to describe anomalies. Pioneering work
by Son and Spivak [21] showed that combin-
ing the semi-classical equations of motions for
a wave-packet of electrons with the Boltzmann
equation, can recover the anomaly equations in
the absence of E5 and B5. As a spin-off, they
obtained a positive and increasing longitudi-
nal magneto-conductivity as a function of mag-
netic field strength, which is currently taken as
the fingerprint of the chiral anomaly [21]. Is
it possible then to recover the anomaly equa-
tions with fields and pseudofields [20] within
the semiclassical approximation, and they lead
to increased conductivity?
The efforts to derive the chiral anomaly
in a semi-classical approximation, generaliz-
ing Ref. [21] to include pseudo electromagnetic
fields reveals a few subtleties of this calcula-
tion. Combining Eqs. (5) with the kinetic equa-
tion recovers the Fermi surface contribution to
the chiral anomaly, referred to in high energy
physics as the covariant anomaly [14, 28, 71].
The covariant anomaly relates the conservation
of the axial current Jµ5 = J
µ
L − JµR, measuring
the difference between currents of left and right
chiralities, and the total current, Jµ = JµL+J
µ
R,
to electromagnetic fields and pseudo-fields by
the following equations
∂µJ
µ
5 =
1
2pi2
(E ·B + E5 ·B5), (6)
∂µJ
µ =
1
2pi2
(E ·B5 + E5 ·B). (7)
Strikingly, Eq. 7 breaks charge conservation
in the presence of pseudo-fields. Since charge
must be conserved, it follows that additional
currents must exist in the system to restore it,
that are not captured by the semiclassical ap-
proximation. Another drawback of the semi-
classical, even without pseudo-fields, is that
it misses the Hall current proportional to the
Weyl node separation, a known response of
Weyl systems [9, 72, 73]. This, in retrospect,
is expected since the semiclassical approxima-
tion accounts for the single band Fermi surface
properties of wave-packets, and the Hall con-
ductivity carries information of all filled states.
To solve these problems, the authors of
Ref. [74] fixed the semi-classical theory in the
presence of pseudo-fields by adding extra cur-
rents to Jµ5 and J
µ, known in the high en-
ergy literature as Bardeen Polynomials [71, 75].
They account for the loss of charge and allow
to recover the current conserving version of the
anomaly, known as consistent anomaly. In the
resulting consistent chiral kinetic theory, the
semiclassical picture is complemented by cur-
8rents that are beyond the cut-off of the low en-
ergy theory, in such a way that charge is con-
served. One of these currents is precisely that
Hall current proportional to the Weyl node sep-
aration, recovering what is expected from lat-
tice calculations [72]. In Box 3 we present a
summary of the quantum field theory viewpoint
on consistent and covariant anomalies and give
some details of the connection of Bardeen poly-
nomials to lattice models.
Eqs. (6) and (7) and their consistent versions
(see Box 3), open the exploration of a num-
ber of important physical consequences tied to
the interplay between real and pseudo-fields.
The anomaly term generated purely by exter-
nal fields, E ·B in Eq (6), causes an inter-valley
charge pumping that translates to an imbalance
of chemical potential at nodes of opposite chi-
rality (see 2). In contrast, terms mixing ex-
ternal and pseudo fields in Eq. (7) can pump
charge between different regions in real space.
Figure 2 sketches an example for such a pro-
cess, resulting from a combination of a bulk B5
and an external electric field. In this case, the
electric field adds (or removes) charge near the
two nodes by an equal amount. To preserve
charge conservation, the charges must be drawn
from another region where the sign of B5 is
reversed, possibly at the boundary. A similar
charge redistribution is expected from apply-
ing an external B not orthogonal to an intrinsic
E5, yet it is important to acknowledge the two
in-equivalent ways of generating E5 discussed
in Sec. IV. Since a static gradient of b0 cannot
cause charge dynamics, the statement of Eq. (7)
is then trivial: the Fermi energy does not de-
pend on position for a static system. However,
if E5 is generated by a time-dependent per-
turbation, Eq. (6) and (7) describe dynamical
charge redistribution.
Phonons, which are time dependent lattice
distortions, are a natural way to create E5 dy-
namically. They can couple to a magnetic field
through the E5 ·B term in Eq. (7) that modifies
their dispersion at low frequency [34, 48, 49, 76].
From the functional form E5 ·B it is apparent
that such coupling is most pronounced when
a longitudinal homogeneous acoustic wave is
propagating along the direction of an exter-
nal magnetic field applied parallel to the Weyl
node separation. In this case, the acoustic wave
causes charge redistribution between the bulk
and the boundary of the material, thus result-
ing in emitted electromagnetic radiation with
the wavelength of the acoustic wave [34], see
also Fig 3.
The coupling of real and pseudo electromag-
netic fields predicts the existence of chiral mag-
netic waves [50, 77]. They are a collective ex-
citation of Weyl semimetal in presence of an
external magnetic field, enabled by the com-
bination of the two chiral anomaly equations
Eqs. (6) and (7) understood as follows. From
Eq. (6), E · B causes a chiral chemical poten-
tial difference, leading to a finite chiral current
J5. The chiral current creates a time dependent
gradient of chiral chemical potential b0, leading
to E5. Consequently, E5 ·B in Eq. (7) creates
a current J, which finally creates a gradient of
electric potential and thus E.
In transport the most notable experimental
consequence is a strain induced enhancement of
the longitudinal conductivity as a function of
the pseudo-magnetic field strength [33, 34]. In
analogy to [21], this result was obtained within
the semiclassical approximation by combining
Eq. (6) and the Boltzmann transport equation,
and can be written schematically as σ ∝ |B5|3
for uncorrelated short-range disorder and chem-
ical potential away from the Weyl node [34].
This prediction remains to be observed in ex-
periment.
An open problem with the semiclassical ap-
proach is that it often assumes that the chi-
ral chemical potential imbalance resulting from
the chiral anomaly is compensated by an inter-
node scattering mechanism. In the presence of
pseudo-fields the description of such scattering
time is challenging [74] since it seems to in-
volve regions with opposite signs of the pseudo-
magnetic field [33, 34, 61, 78]. A complete scat-
tering theory in the presence of pseudo-fields
that can clarify this issue is currently absent.
To conclude this section, it is interesting
to point out that there are other sources of
anomalies related to strain. First, the pres-
ence of dislocations also leads to inhomoge-
neous strain gradients [42, 79–83]. Using a
variety of complementary methods, most no-
tably quantum field theory, it is possible to
show that a density of screw dislocations leads
to torsional fields [81, 82], which contribute to
the chiral anomaly and have observable con-
sequences. A recent example is the activation
of a mixed axial-torsional anomaly by sound
waves propagating through a Weyl semimetal
with a strain induced spatial variation of the
tilt of the Weyl cone dispersion [82]. Within
the semi-classical approximation treating the
effect of dislocations on the chiral anomaly re-
quires extending the commonly used approach
of Ref. [66] as discussed in Ref. [81]. Second, the
combination of thermal gradients and pseudo-
fields is sensitive to a more exotic contribution
to the chiral anomaly, the mixed gravitational
anomaly [71, 84–86]. So far, this type of anoma-
lies have only been probed experimentally ap-
plying real magnetic fields [84–86]. However,
they can be also probed using pseudo-fields.
For example a Weyl semimetal will rotate un-
der heating or cooling through the pseudo chi-
ral magnetic effect [87]. The rotation is caused
9by the existence of a term that couples angu-
lar momentum, B5 and a temperature gradient
and proportional to the coefficient of the mixed
gravitational anomaly [71, 87].
VII. EXPERIMENTAL REALIZATIONS
AND PROBES
The physical realization of axial fields is a
thriving frontier of the field. The general-
ity of the existing formulation of axial fields
promises that physically different systems can
realize analogous physics (c.f. section II). As
of today, the first and only realization of an
axial magnetic field in three dimensions was
achieved in an acoustic analogue of a Weyl
semimetal [65] (see Fig. 4). Acoustic Weyl
semimetals are three dimensional printed struc-
tures with a periodic pattern of cavities and
holes [89, 90]. For certain frequencies, pres-
sure waves are forced to propagate with a lin-
ear frequency and momentum relationship that
mimics a Weyl dispersion. In a prominent step
forward, the authors of Ref. [65] used the ver-
satility of 3D printing to design spatially mod-
ulated structures. This modulation effectively
varies the node separation in space, realizing
the model proposed in Ref. [70], implementing
a constant axial pseudo-magnetic fields in the
bulk of the sample. In this set-up, pressure
waves at a certain window of frequencies propa-
gate via zero pseudo-landau levels that disperse
in the same direction for nodes of opposite chi-
rality, a quintessential signature of an underly-
ing pseudo-magnetic field.
Other synthetic platforms are plausible al-
ternatives to observe pseudo-fields. For in-
stance, realistic modifications of current ultra-
cold atomic lattices have been predicted to
host both pseudo electric and magnetic fields,
controllable externally [70]. Photonic lattices,
the platform where Weyl nodes were first ob-
served [91], may allow for spatial modulation of
the coupling between different waveguides [92]
inducing an effective node separation as a func-
tion of a given space coordinate.
In the solid state perhaps the simplest ex-
isting consequence of a pseudo-magnetic field
are the topological Fermi arcs, as extensively
discussed above. Interestingly, for the 2D
topological surface states in topological insu-
lators strain and its pseudo-magnetic field re-
sult in flat bands [93] and non-topological sur-
face states have been recently observed and
interpreted as higher pseudo Landau levels in
topological insulator smooth interfaces [57, 58].
However, higher pseudo Landau levels have not
been reported for Weyl semimetals, yet they are
expected as well.
Richer interface phenomena can lead to a
higher degree of control over pseudo-magnetic
fields and broader phenomenology. Consider
for instance sharp or smooth interfaces between
topological metals and insulators, which gener-
alize the way Fermi arcs occur. The bound-
ary between two Weyl semimetals of different
Weyl node separations hosts smaller Fermi arcs,
given by the difference of the two node sep-
arations, linked as well to a pseudo magnetic
field [33]. Moreover, interfaces between insula-
tors (topological or trivial) and semimetals can
simultaneously host both Dirac surface states
and pseudo-Landau levels [94–96]. Going one
step further, the concatenation of several types
of these interfaces, in the form of heterostruc-
tures, can result in even richer phenomenol-
ogy [97–99]. The interface of two distinct Weyl
semimetals is expected to result in electronic
Veselago lensing [98, 99], which can be traced
back to an emergent space-time metric for the
Weyl fermions due to underlying strain [99].
The exact connection between the metric for-
mulation [79, 100–104] and the pseudo-fields, as
that existing for graphene [105], remains to be
formally established. This connection can aid
to realize effective black-hole metrics [101, 103]
and serve as design principles for metamateri-
als [99].
It would be desirable to realize bulk pseudo-
fields rather than interface phenomena, simi-
lar to the acoustic implementation of pseudo-
gauge fields [65]. First, strain has been pro-
posed as a way of realizing Weyl semimetals,
in strained HgTe [106] and in group-V materi-
als [107]. Strain profiles in these materials are
likely to be inhomogeneous, generating pseudo-
electromagnetic fields in the bulk, albeit with a
lesser degree of control over other strain effects
(see Box 1). In particular, a pseudo-electric
field can over tilt the Weyl dispersion [108]
(known as a Type-II Weyl node [109]) and in-
duce a finite magnetization [110]. Second, it is
plausible that by etching crystals into different
geometries using lithography, used recently to
discover the peculiar quantum oscillations me-
diated by Fermi arcs [62, 111, 112], can be used
to strain samples in a controlled way .
Bulk inhomogeneous strains can be engi-
neered, for example, in wires twisted about
their main axis, as proposed in Ref. [34]. In this
geometry, and when both magnetic and pseu-
domagnetic fields are applied, left- and right-
handed Weyl fermions can be focused at dif-
ferent spatial locations, resulting in a chirality
filter [113].
As mentioned in Sec. II, screw dislocations
traversing the bulk of a 3D material are also
a source of strain, and are predicted to re-
sult in quasi one dimensional currents flowing
along the dislocation line. Such currents are
referred to as a torsional chiral magnetic ef-
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Figure 4. Experimental realizations of pseudo-fields. (a) The inhomogeneous acoustic Weyl material
realizing a constant bulk pseudo-magnetic field used in Ref. [65]. The structure is rigid and made of stacked
honeycomb lattices with propagating pressure waves. The size of the holes in the structure are varied in real
space. This ammounts to a sublattice degree of freedom that varies in space, creating a space dependent
Weyl node position. (b) The acoustic wave dispersion spectrum shows chiral pseudo-Landau levels (white)
which have the same sign for nodes of opposite chiralities. H and H’ are points in the Brillouin zone that are
related to one another by time reversal symmetry. The chiralities of the Weyl nodes located at H and H’ are
the same. The hole inhomogeneity results in a real space motion of the nodes in opposite directions. Hence
they must feel opposite pseudo-magnetic fields, and their lowest Landau levels are counter propagating.
(c) Proposal for the realization of gauge fields in cold atomic lattices [70] based on dimerized tunneling
amplitudes (J,∆) in the xy plane. By modulating the optical potential of Ref. [88], ∆ can be varied in
space and time generating axial fields.
fect in Ref. [40–42]. and are an instance of the
pseudo chiral magnetic effect: a current paral-
lel to the pseudo-magnetic field generated along
the dislocation line due to its associated strain
field. A related current generation occurs in the
vicinity of magnetic vortices, where the magne-
tization is space dependent, generating an axial
field [14].
Regarding transport probes, the enhance-
ment of the electrical conductivity [33, 34] or
signature quantum oscillations [35, 36] as well
the other effects described in previous sections,
can act as measures of the presence of pseudo-
magnetic fields.
Additionally, novel collective excitations can
emerge in the presence of a bulk pseudo-
magnetic field [114, 115]. For instance, low en-
ergy gapless charge excitations known as he-
licons, which typically require the presence of
magnetic fields, can exist as long as B5 6=
0 [115].
Dirac/Weyl superconductors or other nodal
superconducting systems are another intrigu-
ing platform to explore the effects of the
pseudo-fields. The single-particle Hamiltonian
of such a superconductor is identical to the cor-
responding semimetal, the peculiarity of the
Bogoliubov-de Gennes description [116] of the
system allows for chiral magnetic effect in equi-
librium. It manifests itself as a supercur-
rent [117] emerging along the pseudofield in the
Dirac/Weyl superconductor [118]. This is un-
like the usual Meissner effect, where the super-
current flows perpendicular to the external field
to screen it[116]. It has also been shown that
pseudofields affect the superconducting pairing
type in Dirac/Weyl semimetals [119]: the p-
wave superconductivity with the total Cooper
pair spin parallel to the pseudo-field direction
is the most favorable pairing.
A final intriguing possibility is to make use
of light to generate pseudo-fields. Circularly
polarized light breaks time reversal symmetry,
shifting the Weyl node position [120, 121] and
generating an additional Weyl node separation
blight that would add to the pre-existing bµ.
Since the intensity of light can be inhomoge-
neous, this can lead to an inhomogeneous bµ
profile resulting in pseudo-magnetic field. Light
can induce a time-dependent strain of the Weyl
material, and shift the Weyl node positions in
time, resulting in pseudo-electric fields. A re-
cent experiment suggests that such shift can be
performed [121].
VIII. OUTLOOK
The physics of pseudo-fields confronts us
with remarkable future challenges. One direc-
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tion to explore is the realization of pseudo-
field in different generalizations of the Weyl and
Dirac semimetals. In particular, materials with
double and triple Weyl nodes [122, 123], which
are squared or cubic versions of Hamiltonian (1)
protected by rotational symmetries, are ex-
pected to display pseudo-field related phenom-
ena [55, 124] and have no high-energy ana-
logue. Additionally, multi-fold fermions [125–
129], generalizations of Weyl nodes where mul-
tiple bands meet protected by lattice sym-
metries, can also realize emergent relativis-
tic quasiparticles and corresponding pseudo-
fields such as those considered in high en-
ergy physics and beyond. An example is a
position-dependent three-fold fermion, which
can carry an SU(3) symmetry and enable ax-
ial color anomalies, resembling chromodynamic
theory. More generally four-, six- and eight-fold
fermions go beyond what is available in high en-
ergy and are still to be exploited.
Another frontier is to experimentally realize
pseudo-fields in a wide variety of systems. The
first signatures have been reported in the meta-
materials [65] which allow to carefully manufac-
ture the required pseudo-fields. However, those
are bosonic materials, thus lacking Fermi sur-
face. This limits the number of observable sig-
natures of the pseudofields, in particular the
measurement of anomalies. To connect these to
experiments, it is necessary to observe pseudo-
fields in an electronic material, beyond the ex-
istence of Fermi arcs.
Pseudo-electromagnetic fields emerge in
graphene, Weyl and Dirac semimetals. How-
ever, they are not restricted to low energy rel-
ativistic systems [27]; any momentum-space-
dependent field in principle can be treated as
a pseudofield. Thus, we expect that more sys-
tems can show effects of emergent pseudo-fields.
Those may include regular Landau-Fermi liq-
uids with a position-dependent deformation of
their Fermi surfaces, but also other candidate
topological materials, including inhomogeneous
nodal line semimetals or topological insulators.
The current status of pseudo-electromagnetic
fields in Weyl semimetals, which we have re-
viewed, is indicative of a nascent and rich sub-
ject of research, where we expect important
breakthroughs to emerge.
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BOX 1: FROM STRAIN TO
PSEUDO-FIELDS
Let us illustrate the transformation of the
strain to pseudo-fields using an example of a
toy lattice model having two Weyl points in the
Brillouin zone:
H(k) = t⊥σx sin kxa+ t⊥σy sin kya
+ t‖σz(cos kza−m). (8)
This model supports two Weyl points at ±|b| =
± arccosm for any −1 < m < 1. For the
case of isotropic Weyl nodes (t⊥ = t‖
√
1−m2)
the Fermi velocity in Eq. (1) is vF = t⊥a =
t‖a
√
1−m2. To portray how an inhomoge-
neous strain in z direction can create pseudo-
field in such a model we recall that strain mod-
ifies the hoppings according to (see e.g. [34])
t‖σz → t‖σz(1− uzz) + it⊥
∑
j 6=z
uzjσj . (9)
Here u is the symmetrized strain tensor uij =
1
2 (∂iuj+∂jui), where u is the displacement vec-
tor. Let us concentrate on the simplest case
where u = (0, 0, αz). Then u33 = α and the
separation between Weyl nodes is modified ac-
cording to |b| → |b|−α|b|/(a|b|)2. In the case
of the position-dependent strain this results in
the position-dependent Weyl node position and
pseudofields.
Strain can induce more terms than those as-
sociated to pseudofields, which are are the main
focus of this review. Ref. [130] listed the richer
structure that uij and its antisymmetric coun-
terpart wij = 12 (∂iuj − ∂jui) can induce in
the low energy theory. For example, uij in-
duces an anisotropic Fermi velocity [47] and
its trace a deformation potential [39] and the
vector Ai = wijbj is responsible for a linear
dispersion tilt and a pseudo-Zeeman term [39].
The antisymmetric part of wij = ijkΩk with
Ω = 12∇ × u describes rotational strain and
is independent of the separation of the Weyl
nodes in momentum space. It also allows to
tilt the dispersion, add a deformation poten-
tial, pseudo-Zeeman terms and pseudo-gauge
fields [130], yet their physical consequences re-
main to be fully explored.
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BOX 2: FERMI SURFACE IN THE
QUANTUM LIMIT IN THE PRESENCE
OF EXTERNAL AND
PSEUDO-MAGNETIC FIELDS
A finite sample of Weyl semimetal, say in the
y direction, has topologically protected Fermi
arc states. This can be illustrated by iso-
energetic contours for a finite Weyl semimetal
slab of length Ly. See subfigure (a). These are
localized at the two surfaces y = 0 and y = Ly
(red and blue lines correspondingly) where Ly
is the total length of the finite slab. Bulk states
are illustrated by the white circles
In the presence of a magnetic field, a finite
sample of Weyl semimetal will feature Landau
levels, dispersing in the direction of the mag-
netic field, and Fermi arcs, dispersing along the
surface B5. As worked out by Refs. [59, 60], the
Fermi surface thus traces a rectangle if a large
magnetic field is along the Weyl node separa-
tion, as depicted in subfigure (b), and a par-
allelogram for a generic field orientation. This
two observation can be traced back to position-
momentum locking: the kx momentum is re-
lated to the average 〈y〉 position of a bulk Lan-
dau level, while the additional two sides are the
Fermi arcs, or equivalently, the pseudo-Landau
levels for the surface B5.
If we engineer a bulk pseudo-magnetic field,
on top of the one that created the Fermi arcs,
each chirality will feel an effective magnetic
field, Bχ = B + χB5. These will hence re-
duce and increase the Landau level degeneracy
for negative and positive chiralities respectively,
shrinking and elongating the sides of the paral-
lelogram and making it a prism. The resulting
Fermi surface is depicted in subfigure (c).
When the bulk pseudo-magnetic field in-
creases beyond the value of the real magnetic
field, the Fermi surface becomes a bow-tie,
shown in subfigure (d).
BOX 3: CONSISTENT AND COVARIANT ANOMALIES:
In this Box, we summarize the known subtleties of the chiral anomaly and its physical conse-
quences in condensed matter (see Ref. [71] for a review). In the presence of electromagnetic fields,
and importantly pseudo-electromagnetic fields, the number of chiral fermions is not independently
conserved. A way of arriving at this result is to consider a single Weyl node under the action of
electromagnetic and axial electromagnetic fields. From our discussion in the main text a Weyl
node of chirality χ = ± feels a total field that is given by a combination of real and axial fields
Bχ = B + χB5 and Eχ = eE + χE5. The magnetic field creates Landau levels of degeneracy
proportional to Bχ. Under the action of the field Eχ, the filled states are pumped at a rate pro-
portional to Eχ. Combining these two observations [18] the current conservation law for a given
chirality can be written as [14, 20, 71]:
∂tρχ +∇ · Jχ = 1
8pi2
Eχ ·Bχ, (10)
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where we chose natural units and ρχ and Jχ are the density and current density of each chirality
respectively. Adding and subtracting the two chiralities will lead to conservation equations for
both the total and chiral charges and currents respectively. Proceeding, leads to a surprise
∂tρ5 +∇ · J5 = 1
4pi2
(E ·B + E5 ·B5), (11a)
∂tρ+∇ · J = 1
4pi2
(E ·B5 + E5 ·B), (11b)
where ρ5 (ρ) and J5 (J) are chiral (total) charges and currents respectively, which we can combine
in the four vectors Jµ = (ρ,J) and Jµ5 = (ρ5,J5). Surprisingly, for these equations it appears that
both the axial and (more worryingly) the total charge are not conserved in the presence of both
electromagnetic and axial electromagnetic fields.
Charge non-conservation in the presence of axial fields is an old conundrum, first encountered
and solved in high-energy physics, with far reaching consequences for condensed matter. At the
expense of (some) physical intuition we could redefine the total current such that the right hand
side of Eq. (11b) is zero [74, 75, 131]. The extra current terms that must be added to do so are
known as Bardeen Polynomials in high-energy physics [74, 75, 131]. A simple example for such
added current is the Hall current proportional to the Weyl node separation j = b × E. Added to
the current in Eq. (11b) it compensates exactly for the first term on the right hand side. Similarly,
other currents can be added to end up with
∂tρ5,cons +∇ · J5,cons = 1
4pi2
(E ·B + 1
3
E5 ·B5), (12a)
∂tρcons +∇ · Jcons = 0, (12b)
known as the consistent version of the covariant anomaly equations, which conserve total charge.
Adding the Bardeen polynomials fixes the problem of charge conservation, yet they sacrifice
physical intuition of how this exactly happens at a microscopic level, namely, where does the
added piece of the current come from. At a mathematical level the currents correcting the electric
current and density are determined by the Berry curvature, and thus of topological origin [131].
In contrast, the chiral current is corrected by a term which depends on lattice parameters and the
definition of chirality [61, 132].
The different anomaly terms in the consistent and covariant pictures have concrete physical
meanings in lattice systems [61, 131, 132]. To grasp their meaning it is helpful to understand how
each term in the covariant version acts on the square and bow-tie Fermi surfaces discussed in Box 2.
In the figure in Box 2 we interpreted the Fermi arcs as pseudo-Landau levels. The application of an
external electric field along the direction of the corresponding B5 pumps charge between different
surfaces, by an amount proportional to E · B5. This is compensated by a bulk Hall current, of
magnitude j = b×E which restores charge conservation.
The second term on the right hand side of Eq. (11b) can have a different interpretation. From a
Fermi surface point of view the emergence of E5 is a time-dependent Weyl node separation. From
a microscopic point of view, a rigid shift of the band bottom can precisely result in a shift of this
kind if we focus our attention to a region close to the Weyl nodes. The apparent charge creation
is not such if we consider the whole band, which is moving rigidly. In this view, the second term
in Eq. (11b) is an artifact from insisting in observing changes from a frame where we move with
the chemical potential.
A notable difference between consistent and covariant pictures is the 1/3 prefactor between the
second term on the right hand side of Eq. (11a) and its counter part (12a). Its value is non-universal
and depends on the pseudo-field configuration. [61, 132].
Putting all together, the covariant currents take contributions from carriers near the Fermi
surface, while the consistent currents also add the information of the filled states, such as a finite
Hall conductivity (see table).
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